umer. Ma . Numerische
o S, Nahenscle @) <o

A robust multigrid method for discontinuous Galerkin
discretizations of Stokes and linear elasticity equations

Qingguo Hong - Johannes Kraus -
Jinchao Xu . Ludmil Zikatanov

Received: 12 November 2013 / Revised: 27 September 2014 / Published online: 4 March 2015
© Springer-Verlag Berlin Heidelberg 2015

Abstract We consider multigrid methods for discontinuous Galerkin H (div, 2)-
conforming discretizations of the Stokes and linear elasticity equations. We analyze
variable V-cycle and W-cycle multigrid methods with nonnested bilinear forms. We
prove that these algorithms are optimal and robust, i.e., their convergence rates are
independent of the mesh size and also of the material parameters such as the Pois-
son ratio. Numerical experiments are conducted that further confirm the theoretical
results.
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24 Q. Hong et al.

1 Introduction

In this paper we present a multigrid method for a family of discontinuous Galerkin
(DG) H (div, 2)-conforming discretizations of the Stokes problem and the linear elas-
ticity problem. The discretization for the Stokes problem preserves divergence-free
velocity fields and was first introduced in [1]. The same method was also used in [2].

In general, the numerical discretization of the Stokes problem produces systems
of linear algebraic equations of saddle-point type. Solving such systems has been the
subject of extensive research work and at present several different approaches can be
used to solve them efficiently (see [3] and references cited therein).

One widely used approach is to construct a block diagonal preconditioner with
two blocks: one containing the inverse or a preconditioner of the stiffness matrix of
a vector Laplacian and one containing the inverse of a lumped mass matrix for the
pressure. The resulting preconditioned system can then be solved by means of the
preconditioned MINRES (minimum residual) method.

Recently, an auxiliary space preconditioner for an H (div, €2)-conforming DG dis-
cretization of the Stokes problem was proposed in [4]. The auxiliary space precon-
ditioning techniques were introduced in [5] as generalizations of the fictitious space
methods (see [6]). Since the solution of the Stokes system has divergence-free veloc-
ity component, the problem can easily be reduced to a “second-order” problem in the
space Range(curl). In order to apply the preconditioner one needs to solve four elliptic
problems, for details, see [4].

There are other multigrid methods which can roughly be classified into two cat-
egories: coupled and decoupled methods, cf. [7]. A well-known coupled approach
is based on solving small saddle point systems at every grid point or on appropriate
patches, cf. [8]. The Schur complement of each small saddle point system can be
formed explicitly, and hence it is easy to solve the local problems. However, it is not
straightforward to choose appropriate patches when the pressure is discretized by con-
tinuous elements. Further, when used as a smoothing iteration, this so-called Vanka
method needs a proper damping parameter.

One classical decoupled approach is the augmented Uzawa method [9]. A crucial
point in applying this method is the right choice of a damping parameter for solving the
arising linear elasticity system. As proved in [9] the augmented Uzawa method is very
efficient for solving the Stokes problem when the damping parameter is very large. In
this case it is important to have a robust solver for the linear elasticity problem, that
is, an iterative method that converges uniformly with respect to the Lamé parameters,
or equivalently with respect to the Poisson ratio.

In [10], the author proposed and analyzed robust and optimal multigrid methods for
the parameter dependent problem of nearly incompressible materials for the P, — Py
finite element scheme for the mixed system and for the corresponding non-conforming
finite element scheme in primal variables. This approach relies on constructing a
locally supported basis for the weakly divergence-free functions. In the present paper
we construct suitable subspace decompositions of H (div, £2), as suggested in [10], in
order to design and analyze robust multigrid algorithms with nonnested (non-inherited)
bilinear forms related to H (div, 2)-conforming DG discretizations. Similar ideas were
used to build a robust subspace correction method for the system of linear algebraic
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A robust multigrid method for DG discretizations 25

equations arising from non-conforming finite element discretization based on reduced
integration in [11]. An alternative approach is based on using augmented Lagrangian
formulations for nearly singular systems, cf. [12].

We discretize the Stokes equation and the linear elasticity problem in a uniform
mixed form by a DG method based on the H (div, £2)-conforming finite elements
thereby introducing a parameter A. We show that when A — o0, the discrete solution
of the linear elasticity problem converges to the discrete solution of the Stokes equation
very quickly, i.e., with a convergence factor proportional to % We also establish
a relationship to the convergence of the augmented Uzawa algorithm for the Stokes
equation. In particular, this means that the approximate solution of the Stokes equation
can be obtained with any accuracy if one solves the linear elasticity problem with a
sufficiently large parameter L. However, in this case an efficient multilevel solver
is needed for the linear elasticity problem that is uniform with respect to the Lamé
parameters. A key component of such a solver is an overlapping block-smoother
which corresponds to an appropriate splitting of the space of divergence-free functions,
cf. [13]. At the same time, noting that a truly divergence-free function on the coarse
grid is also divergence-free on the fine grid, the transfer operator prolongating coarse-
grid divergence-free functions to fine grid divergence-free functions is as simple as
an inclusion operator. In this paper, we first show that the uniform discretization of
the linear elasticity system and the Stokes problem is stable and optimal and then
establish the approximation and smoothing properties necessary for the multigrid
analysis [14,15].

The layout of the paper is as follows. In Sect. 2 we state the Stokes and the linear
elasticity problems. Their discontinuous Galerkin discretization is given in Sect. 3
along with a proof of its uniform stability and the optimality of the approximation. In
Sect. 4, we propose a multigrid method and prove its robustness and optimal conver-
gence. In Sect. 5, we present numerical results that confirm the robustness and optimal
convergence of this multigrid method. Finally, we draw some conclusions in Sect. 6.

2 Problem formulation

In this section, we give the formulation of the Stokes and the linear elasticity problem.
Let © C R? (d = 2, 3) be a polygonal domain with boundary 32, f € L%()¢, and
H(} (Q) ={u e L*(Q) : Vu € L>(Q), ulyo = 0}. We also need the standard Sobolev
spaces L2(Q), HY(Q), H2(SZ), and the corresponding norms

1/2
||u||=(/ uzdx) ,
Q

172
0%u
lully = Z/|—|2dx :
a1 /0 0%
3 12
%u 5
= (3 [ 15
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26 Q. Hong et al.

The variational formulation of the Stokes and the mixed formulation of the elasticity
problem can be written as: Find (u, p) € HOl ()7 x L%(Q) such that

[a(u,v)—i—b(v,p) = (f,v), forall ve Hj(Q)?, @1

b(u,q) — (6p,q) =0, forall g e L(S),

Here, with the usual notation, u is the velocity field (displacement in the case of
elasticity), p is the pressure, and e(u) € L2()9%4 ig the symmetric (linearized)

sym
1 T
strain rate tensor defined by e(u) = —V“JEV"

8 = 0, and for elasticity equation, we have § = A !, with A being the Lame parameter
definedas A =v/(1 —2v),0<v < % and v is the Poisson ratio.
The bilinear forms a(-, -), b(:, -), and (-, -) are defined by

. For the Stokes equation, one takes

a(u,v) ::/ e(u) : e(v)dx, forall u,ve H(}(Q)d,
Q

b(u, q) = / q div udx, forall ue Hy(Q)9, q € L3(RQ), (2.2)
Q

(p.q) :=/pq dx, forall p,q e L3(Q).
Q

For the linear elasticity problem, we also have the corresponding primal formulation,
which is: Find u in HO1 (€2)? such that

(s(u) : e(v)) + A(divu, dive) = (f,v), forall ve H}(Q)". (2.3)

The conditions for the existence and uniqueness of the solution (u, p) of (2.1) are
well known and understood, see, e.g. [16]. For the relationship between the inf-sup
condition for the Stokes problem and the Korn’s inequality which guarantees the
solvability of the elasticity equations see also [17]. For convenience, in this paper, we
assume that the domain €2 is such that the following regularity estimate holds (see
e.g. [18] for the limiting case of the Stokes equation and [19, Lemma 2.2] for the
corresponding result in linear elasticity):

lul2 +lpl S NAI- (2.4)

Here, in Eq. (2.4) and throughout the presentation that follows, the hidden constants
in S, 2 and = are independent of A and the mesh size h.

3 Discontinuous Galerkin discretization

In the preliminary considerations of this section we introduce some notation related
to DG methods. Next, we derive a DG discretization of the Stokes problem and the
equations of linear elasticity in a uniform mixed form. Finally, we analyze the stability
and approximation properties of this discretization.
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A robust multigrid method for DG discretizations 27

3.1 Preliminaries and notation

We denote by 7}, a shape-regular triangulation of mesh-size & of the domain Q2 into
triangles {K'}. We further denote by E }Il the set of all interior edges (or faces) of 7}
and by E f the set of all boundary edges (or faces); we set E, = E }I; UE f .

For s > 1, we define

H*(T},) = {qb € L2(Q), such that ¢|x € H*(K) forall K € Th} .
Vector functions are represented column-wise and we recall the definition of the space
H(div: Q) := {v € LX(Q) - divv € Lz(sz)} ,
with the norm
1113 @ivecy = 1011 + [l div vl

Next, as is usual in the construction of DG methods, we define certain trace operators.
Let e = 0K N 9 K7 be the common boundary (interface) of two subdomains K; and
K> in Ty, , and n| and n; be unit normal vectors to e pointing to the exterior of K

and K>, respectively. For any edge (or face) e € E é and a scalar ¢ € H'(T},), vector
veH! (Th)d and tensor T € H'! (Th)dXd, we define the averages

1 1
{v} = 5(”|8K1ﬁe “n1 — V|ygane - M2), (T} = E(T|8K|ﬂenl — TlyK,nel2),

and jumps

[9] = qlokine — qlaksnes  [v] = vlakine — V]aksne,
[v] = viok,ne © B 4+ V]jKyne © B2,

where v On = %(vnT +nv") is the symmetric part of the tensor product of v and n.
Whene € E f then the above quantities are defined as

v} =vl.-n, {t}=r1ln, [qg]l=qle, [v]=7v], [v]=v|.0On.

If nk is the outward unit normal to 0 K, it is easy to check that

Z/ v-ngqds = Z/{v}[q]ds, forall ve H(div;Q), g€ H'(Ty). (3.1)
0K

KeTy ecE, "¢

Also, for T € H'(Q)4*? and for all v € H'(T})?, we have

Z/ (xng)-vds = > [{r}-[vlds. (3.2)
0K

KeTy ecEp ¢
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28 Q. Hong et al.

The finite element spaces we are going to use are denoted by
Vy={ve Hdiv; Q) :v|g e V(K), K € Ty; v-n=00n 9},
Sp = [61 € L*(Q) :qlk € Q(K), K € Ty; / gdx = 0}-
Q
For the DG method, we use the RT pair RT;(K)/P;(K) or the BDM pair
BDM;(K)/P,—1(K) orthe BDFM pair BDF M;(K)/P;—1(K) as V(K)/Q(K) which
satisfy div V(K) = Q(K) and preserve the divergence-free velocity fields, (see [4]).

We recall the basic approximation properties of these spaces: for all K € T} and
forall v € H*(K)?, there exists v; € V(K) such that

lo—vrllo.x +hxlv=vili g +hglv=vilk S hklvlk, 2<s <I+1. (3.3)
3.2 DG formulation
We note that according to the definition of V', the normal component of any v € V,

is continuous on the internal edges and vanishes on the boundary edges. Therfore, by
splitting a vector v € V, into its normal and tangential components v, and v,

v, = (v-n)n, v;i=v—v,, 3.4
we have for all e € Ej,
/[vn] ctds =0, forall T e H (Tp)% veVy, (3.5)
e
implying that

/[v] “tds = /[v,] -tds =0, forall Te H'(T)" veV,.  (3.6)
e e
A direct computation shows that
1
(o1 : Mo D = E[ut] - [v]. 3.7

Therefore, the discretization of the variational formulation of problem (2.1) is given
by: Find (uj, py) € V), x Sj such that

ap(up, vp) + bp(vp, pp) = (f, vp), forall v, € Vy, (.8)
bu(un. qn) — " pr.gn) =0, forall g € Sp, '
where
ap(u, v) = Z / e(u) : e(v)dx — Z {e(m)} - [v;]ds
Ker, K ecEy ¢
=X [t wids+ 3 [ b wids. G9)
ecEy ¢ ecEy ¢
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A robust multigrid method for DG discretizations 29

bh(u,q)=/gv'uqu, (A-lph,qh>=r1/gphqhdx, (3.10)

and 7 is a properly chosen penalty parameter independent of the mesh size /4 and so
that ay, (-, -) is positive definite.

It is straightforward to see that the bilinear form (3.9) matches the bilinear form
given in [1,4]. Noting that div V, = §),, from the second equation of (3.8), we can
obtain p;, = Adivuy. Plugging p, = Adivuy, into the first equation of (3.8), we
arrive in the discrete problem of the linear elasticity equation (2.3) which reads: Find
uj; € Vj, such that

Ap(up, vy) = (f,vp), forall v, € Vy, (3.11)
where Ay (-, -) reads
Ap(up, vy) = ap(up, vy) + A(divuy, div vy), (3.12)

and ay (uy,, vy) is defined by (3.9).
Hence we can solve (3.8) by solving (3.11) to get uy, firstly and then obtain the
pressure py = Adivuy,.

Remark 1 Noting that the application of the augmented Uzawa method to the Stokes
equation with damping parameter X reads: given (uél, p'), the new iterate (uéfrl ,pih

is obtained by solving the following system:

[ahw;“, vy) + Adivat!, diven) = (f, va) — bu (s, p)), forall vy, € Vy,

P = P+ adiva (3.13)

it is obvious that if we choose / = 0 and pg = 0 then in the next step of augmented
Uzawa iteration, the first equation of (3.13) coincides with (3.11) and the second
equation of (3.13) is just p, = Adivu;. Convergence of the the augmented Uzawa
iteration has been discussed in several works, see, e.g., [9,12,20,21] indicating that
for sufficiently large A, the iterates converge rapidly to the solution of Stokes equation.

3.3 Approximation and stability properties

In this subsection, we analyze the approximation and stability properties of the discrete
problems (3.8) and (3.11)—(3.12).
For any u € H'(T;,)?, we now define the mesh dependent norms:

2 2 -1 2
Il = D lle@i§ x + D Ay 'l
KeTy ecky
2 2 —1 2
lelli, = D IValg + Dk Iul,.
KeTy ecky
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30 Q. Hong et al.

Next, for u € H2(T,)4, we define the “DG”-norm

lulpe = D IVullg g + D o Iwdlg, + D hilul3 k- (3.14)
KeT, ecky KeTy

We now summarize several results on well-posedness and approximation properties
of the DG formulation.

From the discrete version of the Korn’s inequality (see [22, Equation (1.12)]) we
have that the norms || - ||pg. || - ||x, and || - ||1,5 are equivalent on Vj,, namely,

lullpc ~ lulp =~ lulli,n, forall we V. (3.15)

Both bilinear forms, ay (-, -) and by, (-, -), introduced above are continuous and we
have

lan(u, v)| < llullpclvlipg, forall u, ve H*(T)9,
lbn(u, )| < lullinlgl, forall uwe HYW(Ty)?, q e L3(Q).

— For our choice of the finite element spaces V, and S, we have the following inf-sup
condition for by (-, -) (see, e.g., [4,23])

- (divuy, qn) -

— I s B, (3.16)
an€Sn uyevy, 1unllnllgnll

We also have that a;, (-, -) is coercive, and the proof of this fact parallels the proofs
of similar results in [4,24].

an(up, up) = |lup|?, forall uy € V. (3.17)
The bilinear forms ay, (-, -) and Ay (-, -) define norms on V, denoted as follows
lull}, = an(u.w), |ul%, = An(u, w).

Next, we introduce the canonical interpolation operators Hgiv CHY(Q) — Vi, We
also denote the L>-projection on S;, by Qj,. The following Lemma summarizes some
of the properties of Hgiv and Oy, needed later and their proofs are either straightforward
by the definition or well known (see, e.g. [25]).

Lemma 1 Forallw € H'(K)? we have

divII{¥ = 0 div; [M™w| ¢ < lwlhk;

di 2 2 . : di :
lw =T wli§ ok S helwly s diviw — T w)[—1 < kgl divw],

(x.r)
lxl e

where ||r||—1 = sup, ¢
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A robust multigrid method for DG discretizations 31

The following result shows that the discrete problem we consider is well posed and
the resulting approximation is optimal.

Theorem 1 Let (u, p) be the solution of (2.1) and (uy, pn) be the solution of (3.8).
Then we have the following estimate

2 —1 2 . 2 -1 2
u—u +A — < inf ( u—v + A — ), 3.18
I AlYe lp—pnll Ve I Ay lp—anll ( )

lp=pul?s inf  (lu—valhg + o —anl? +37Ip = anl?). (319
VR €V i,qneESh be

Proof 1f (u, p) is the solution of the continuous problem (2.1) and (uy, pp) is the
solution of the discrete problem (3.8) we have that p = A div u, and, sincediv Vj, = S,
we also have that p, = X div u;,. The left hand side of the first equation in (3.8) then
is given by the bilinear form (3.12), and, since this discrete problem is consistent, we
have

Ap(u —up,v) =0, forallv e Vy.

Consider now the interpolation Hgivu € Vj of u and we set g = A div Hgivu. Recall
that p = A divu, and p, = A div u;, and hence (by Lemma 1) g = 2Qp divu = Qjp.
We set e, = (u), — ngu) and from the coercivity of aj (-, -) we have

lenll$ , + 27 pn — qlI> = llenll j, + Al dives |
< Anlen, en) = Ap(u — TIiVu, ep)
< lu — T ul p llenll.n + A(div(e — TIEVa), div ep,)

= lu — T ul pGllenlli n- (3.20)

The last identity above follows from div(z — Hgivu) = (I—Qp)divuanddive;, € Sj.
By Lemma 1, we get

di di
lwp — TN ullyp = 10" (up — w)lln S Nlun — wllip, (3.21)

and therefore, the right hand side of Eq. (3.20) is bounded by a multiple of
|l — 1'[2”u||pg||uh — u| pg. As for any € > 0 we have ab < ea® + ¢~ 'b? and
using Lemma 1 we have for any v;, € V, and any g, € Sy,

lu —uplbhe + 27" p — pall? Sllu — TN ulde + 27 p — Qupll?
=llu—vy — @ —v)lhg + 27 p —qn — On(p — g)I>.  (3.22)

Using Lemma 1 and taking the infimum over v;, and g;, then gives (3.18).
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32 Q. Hong et al.

Next by the inf-sup condition (3.16) and the continuity of a;, (-, -), we have

(divwh,qh—ph): “ divy,,gn — p+p — pn)

lgn — pull S sup

VeV ¥ nlin VeV 1Y 5ln
(div ¥y, gn—p)+an(@—up, ¥;)
 yeV, 1¥5l1n
S Ilp—anll+llu—unlpe. (3.23)

Hence, using the triangle inequality and the estimate (3.18), we obtain

Ip = pull* SHp —anll® + llgn — pull* S llp — anll® + Ilp — qull* + lu — unlhg
Slp —anll? 4+l — vallHg + 27 p — anll®. (3.24)

Again taking the infimum over vy and g5 then completes the proof of (3.19).

Remark 2 Let u be the solution of (2.3) and u, be the solution of (3.11)—(3.12). From
Theorem 1 and the regularity estimate (2.4), we obtain the following estimate

lu —unllpc < hILFI (3.25)

which means the discretization (3.11)—(3.12) for the elasticity equation is locking-free.

Remark 3 When A — oo, from Theorem 1 we conclude that the solution (uy,, py) €
Vi, x Sy, of the discrete problem (3.8) satisfies

lu —unlpc < inf |lu—vulipe.
vyeVy

lp=pil S ot (Ip =@l +lu—vilp).  (3.26)
v, €Vi,gneSy

and div u;, = 0 where (u, p) is the solution of the Stokes equation.
Remark 4 Let us set
By ((un, pn). (V4. qn)) = an(up, vy) — (divay, gn) — (divon, pp) — 2~ (pa. qn).

Then for any given (uy, pp), choosing (vy, gn) = (un, —pn), by the coercivity of
ap(-,-), it is straightforward to show that the inf-sup condition for B, (-, -) holds,
namely, for any (up, pp) € Vi x S we have

B;.((wn, pn), (Wn, qn))
wmaneVixsy 1onlltn +A2712lgnll

> (lunllin + 2721 pul). (3.27)

For the Stokes equation, we have from [26, Theorem 8.2.1] and [27,28] that

Boo((up, pr), (v, qn))
sup

2 llwnlivn + I pall. (3.28)
(Wp,qn)eVp xSy ||v/1 Ill,h + ||4h||
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A robust multigrid method for DG discretizations 33

4 Multigrid method
In this section, we design a multigrid algorithm to solve the discrete system (3.11)—

(3.12). We will show that the algorithm is robust with respect to the parameter A.
Hence, by pj, = divu;, we can also solve the discrete system (3.8) very efficiently.

4.1 Preliminaries

Let us denote by {Tk},{:0 the partition on every level and denote the finest partition
T, = T;. The edges (faces) of Tj are denoted by E;. We assume that all the partitions
{Tk},{:0 are quasi-uniform with characteristic mesh size hy and hy = yhx—1, y €
(0, 1) and hg = O(1). We should note that the last term (the penalty term) in the
bilinear form @, (-, -) depends on the mesh size of the partition.

Thus, for every partition T we have discretized the Eq. (2.3) and we need to specify
the space Vj, on level k. A natural choice for V, on level k is V. defined as follows:

Vi={ve Hdiv; Q) : v|g € V(K), K € Ty; v-n = 0on 9d2}.

Moreover, we denote the pressure space Sy on level k by
Sk=1qg€L*(Q) :qlk € Q(K), K €T / gdx =0]-
Q

Thus, corresponding to the set of refined triangulations {Tk},{:(), we also have a
sequence of nested H (div, €2)-conforming finite element vector spaces

VoCViCVyC---CV,;CHv, Q).

With every space we associate a bilinear form ay (-, -) which discretizes the first
term on the left hand side of (2.3) on V¢, i.e.,

ap(u, v) = Z /K e(u) : e(v)dx — Z {e(m)} - [v¢]ds

KeTy ecEy €
-> /{8(v)} [udds + /nh,j‘[uf] - [vs]ds.
ecEy ¢ ecEy ¢

Adding the divergence term then gives the bilinear form used to discretize (2.3) on
Vi, ie.,
Ax(u,v) = ar(u,v) + A(divu,divv), forall u,v € Vi.

Our goal is to analyze the variable V-cycle and W-cycle multigrid algorithms for the
solution of the problem: Given f € V, find v € V; satisfying

A;(v,9) = (f, ), forall ¢ cV,. “.1)
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34 Q. Hong et al.

To define the algorithm, we need several auxiliary notions. For k = 0, ..., J, define
the operator Ay : Vi — Vi by

Arw, d) = Ax(w, @), forall ¢ € V.

The norms on V induced by Ak (-, -) and ai(-, -) are denoted by || - ”1241(’ and || - ||3k
respectively, i.e.,

lullh, = Ac@u,w), |ull}, = ax(u,u), forall ue Vy.

We also need the L2-orthogonal projections on V, and Sy, denoted by O L*(9)
> Vi and the operators Qy : LZ(Q) > Sk and the canonical interpolation Iy :
[HO1 ()P — Vi Accqrding to the notation of the previous section, Ty and Qy are
just a shorthand for Hfl‘kv and Qy,, and we recall that Qy div = div 1. Further, we
introduce the operators Py : Vi — Vj_1 defined by

A1 (Proqw, @) = Ap(w, @), forall ¢ e V. 4.2)

Finally, we denote the norm || - ||1, on the level k as || - |1 «.
To define the smoothing process, we require linear operators Ry : Vi — V. for
k=1, ..., J.These operators may be symmetric or nonsymmetric with respect to the

inner product (-, -). If Ry is nonsymmetric, then we define R;, to be its adjoint and set

RO _ Ry if [ is odd,
k™| R, ifliseven.

4.2 Multigrid algorithm

The multigrid operator B : Vi — V is defined by induction and is given as follows,
see, e.g., [15].

Multigrid algorithm. Set By = A ! Assume that Br_1 has been defined and define
By g for g € Vi as follows:

1. Setx’ =0and ¢° = 0.
2. Define x! for/ =1, ..., m(k) by

xh =¥l g R (g — agxth. (4.3)
3. Define y"® = x™®) 4 g7 where g’ fori =1, ..., p is defined by
g =q¢"" +Bi1[Qp1 (g — Aex"P) — Ar_1g'"]. 4.4)
4. Define y! forl =m(k) + 1, ...,2m(k) by
¥ =y RO (g gy,

5. Set Brg = y?"®,

@ Springer



A robust multigrid method for DG discretizations 35

In this algorithm, m (k) is a positive integer which may vary from level to level and
determines the number of smoothing iterations on that level, p is a positive integer.
We shall study the cases p = 1 and p = 2, which correspond respectively to the
symmetric V and WV multigrid cycles.

4.3 Multigrid convergence

Set K = I — Ry Ay, then K,f =171 — R,’(Ak is the adjoint with respect to Ax(-, -).
Further, set

[ (KiK)™? if  is odd,

Km _
k (KK ™m=D2KE if 1 is even,

and denote by (K\™)* the adjoint of K" with respect to A (-, -).
For convergence estimates, we shall make a priori assumptions. First we make the
following basic assumption:

— (AO0) The spectrum of KKy is in the interval [0, 1).
In order to analyze the approximation property and the smoothing property of the
multigrid algorithm, we need to define a norm on level k as follows (cf. [10]),

lull o = llwl? + Ahgl div ul® + A*hE )| Qr—r divul®, u € Vi. (4.5)

The second assumption is an approximation assumption in || - |x,0 norm (known as
approximation and regularity assumption in [15]),

= (AD | = Pr—Dulli,o < hellulla,, forallu € V.
The third assumption is a requirement on the smoother,

— (A2) (K™Y ulae S m V4wl o, forallu € V.

~

Next Lemma is an analogue of a result given in Bramble, Pasciak, Xu [15, Lemma
4.1].

Lemma 2 Assume that (A0), (A1) and (A2) hold and let @ = K" u. Then we have
the estimate

—A((I = Pipya, ) Sm~ Huly,, forall ue Vy.
Proof By the Cauchy—Schwarz inequality and assumption (A2), we have
— AL = P, B) = —Ap(( — PR u, K" u)

— A (K™Y = PR u, w)

IRV (I = Pec)itl| ag el a,
Sm T RN = PeDlkollul -

IA

@ Springer



36 Q. Hong et al.

Next, by assumptions (A1) and (A0O) (applied in that order) we have

— A = P, @) S m™ AR I — Pe)dillollulla,

—1/4y+ —1/4 2
SmT V@l g g, S m” -

~

The estimate in Lemma 2 provides the prerequisite to apply the general theory
in [15]. Indeed, according to [15], assumptions (AO), (Al) and (A2) and Lemma 2
are sufficient to show spectral equivalence for the variable V-cycle multigrid pre-
conditioner (Theorem 2) and uniform convergence of the W-cycle multigrid method
(Theorem 3). The firstresultis just arestatement of [ 15, Theorem 6] with full regularity.

Theorem 2 (Theorem 6 in [15]) Assume that (AQ), (A1) and (A2) hold and define
B; in Algorithm 4.2 with p = 1. Further assume that the number of smoothing steps
m(k) satisfies Bom (k) < m(k — 1) < Bym(k) with Bo > 1 and B > 1 independent of
k. Then the following spectral equivalence holds

noAk(u, u) < Ak(EkAku, u) < mAk(u, u) for all u e Vy, 4.6)

with constants ng and ny such that

s MR g < Mm@
=My M=o

)

where M is independent of A and h, and o denotes the regularity index.
The convergence of the W-cycle is also obtained via the analysis in [15].

Theorem 3 (Theorem 4 in [15]) Assume that (AO), (A1) and (A2) hold and that the
number of smoothing steps m(k) = m is constant for all k. Then, for sufficiently large
m, By defined via the W-cycle algorithm satisfies

M 2
|Ar((I — BrApu, u)| < m”””Ak forall ueVy

with M independent of A and h, and « denoting the regularity index.

We remark here that modifying assumption (A1) one can prove the results above
for the case of less than full elliptic regularity. For details we refer to Bramble, Pasciak
and Xu [15].

As we have seen, the estimates in Theorems 2, 3 are valid if assumptions (AO),
(A1) and (A2) are verified. In the next subsections we show that these assumptions
hold in our case.

4.4 Approximation property
In this subsection, we verify (Al). One of the difficulties in the analysis is that the

bilinear forms A (-, ),k = 1, ..., J are not nested. We now prove a simple relation
between Ay (-, -) and Ax—_1(-, -).
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Lemma 3 Ifhy = yhi—1, y € (0, 1), then
el < luli, S luli, . forall ue V. 4.7

Proof Let u € Vi_y. Observe that [u;], = O for edges (faces) e € Ej which are
interior to the elements in T;_, because u is a continuous, in fact a polynomial,
function in each element from 7;_;. Hence,

Z /ny—lh,;jl|[u,]|2ds - Z nhi Hlu?ds, forall ue Vi

eckEr_ ¢ eckEy ¢

and we have

M) = Acrw + 3 [ lwPas = 3 [ o wPas

ecEy ¢ ecEr_q ¢

= A+ 67 =1 > [P

ecEp_ ¢

The estimates in (4.7) then easily follow from the identity above.

Remark 5 From Lemma 3, for any given u € V|, we also have

2 2
[ Pe—rulla, , < IPx—1ully, = Ax(u, Pr—iu) < |lullap || Pr—1u] 4,

5 ||u||Ak||Pk71u||Ak,1,

namely,
I Pe—ruellag, < llulla,. (4.8)

We now introduce the dual problem (which is the same as the primal one in (2.3)
because the bilinear form is symmetric): Find w € HO1 (Q)d such that

(e(v) : e(w)) + A(divo, divw) = (g, v), forall ve H} ()9 (4.9

From the definitions of the bilinear forms Ax_1 (-, -) and A, (-, -) we have the following
simple identity for the solution w of (4.9):

Ar(v, w) = Ag—1(v, w), forall v e Vi_y. (4.10)
This follows immediately, since both A;_1(-, -) and Ak (-, -) are consistent. Indeed, for

anyv € Vi_; C Vi wehave Ay (v, w) = (g, v) = Ar—1(v, w), which proves (4.10).
The next lemma provides estimates on the interpolation error.
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Lemmad4 Letw € H'T(Q)4, 1 =0, 1, and TI;_ w be the interpolant of w in Vy_q,
then

lw— Th—wlly, | <At (wlfyy + Aldivw]D),

lw— w3, < hety(wlfy, + Aldivw]}). (4.11)

Proof By the continuity of a (-, -), the trace theorem and the interpolation error esti-
mate (3.3), we have

2 2 2 2
lw—M—1wlly, | S llw—M—iwllpg < he—ylwliy-

Ap—1 ~

Noting div [Ty_jw = Qk—_1 divw, by the standard approximation error estimate of
the projection Qj_1, we have

Il div(w — T—w)|? = [[divw — Qr_1 divw|? < || divw|?.

Combining the above two inequalities and noting the definition of the norm || - || 4,_,,
we get the first inequality in (4.11). The proof of the second inequality in (4.11) is
carried out in a similar fashion.

We now prove a two-level estimate in L.

Theorem 4 For all u € Vi the following estimate holds
I = Pe—pull < hicllullay - (4.12)

Proof Weestimate || (I — Py_1)u|| using a standard duality argument. Letw € HO1 (Q)4
be the solution of the dual problem (4.9) with g = u — Py_ju. Since, Ax(-, ) is a
consistent bilinear form, we have

Ag(w,v) = (u — Pr_ju,v), forall ve V.

Now let v = u — Px_ju and Il;_jw be the interpolant of w in V_;. Noting that
Ar(, ),k =1,...,J are symmetric, (4.10) and the definition of the operator Py_,
we have

lu — Proyu|® = Ax(w, u — P_u)
= Ag(u, w) — Ap(w, Pr—ju) = Ar(u, w) — Ag—1(w, Pr—ju)
= Ag(u, w) — A1 (Pr—1u, w — T yw) — Ag—1 (P11, [j—jw)
= Ap(u, w) — Ap—1 (Pr—1u, w — I jw) — Ag(u, I w)
=Ar(u,w—TIl_qw) — A1 (Pr—qu, w — I w). (4.13)

Applying the Cauchy—Schwarz inequality to the right hand side of the identity above

and using the approximation estimates given in (4.11), the inequality (4.8) and the
regularity estimate (2.4) then lead to
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2
lw — Prru|” < llullallw — Ti—qwila, + [ Pe—ruell ey lw — w4,
2 : 2\1/2
< i (el ag + 1 Pe-rml o) (wl3 + Al divw[p/
2 . 2\1/2
< il ag(wl3 + Al divw D> S byl o lu — Pe—ul]

which completes the proof.

The next two Lemmas verify the approximation property (Al).
Lemma 5 Forall u € V. we have the estimate

M Qk—1div(u — Pe—qw) || < llull 4y (4.14)
Proof For any given u € V. and any v € V_1, from the definition of Py_; in (4.2),
we have

ag—1(Pr—1u, v) + A(div(Pr_1u), divv) = ar(u, v) + A(divu, div v),

or, equivalently,

MOrdivu, Q1 dive) — A(Qp—1 div(Pr_1u), Q1 divv)
=ar(u,v) —ar—1(Pr_1u, v).

By the properties of the L?-projections on S; and S;_1 and the fact that Sy _; C S
we have Q1 0r = Qk—1 and Q%q = Qy_1. Therefore,

(Qp—1div(u — Py_1u),dive) = )fl(ak(u, v) — ay—1(Pr_1u, v)). 4.15)

Note that the continuity of the bilinear form ay (-, -) implies that ||[v]l4, < [lv]l1 xk—1 and
lvllg,_, S vl k—1. Using now the trivial bound ag—j(w, w) < Ax—1(w, w), which
holds for all w € V_1, and the inequality (4.8) for the right hand side of (4.15) we
obtain

ar(u, v) — ax—1(Pr—1u, v) S (lulla, + 1 Pe—12llae_DlIvI1 k=1
S lullagllvlle—1-

The inf-sup condition (3.16) and the inequality above then show that

10y divia — Py £ sup (Gt At QYD)
veMi_, lvll1,k—1
ap(u, v) — ag—1(Pr—1u, v)

="
veVi lvll1x—1
—1
S AT Nl Ay

The proof is complete.

The next lemma estimates the last term in the definition of ||u — Pr_ju||x 0.
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Lemma 6 If A 2 1, then the following estimate holds for all u € Vy,
A divae — Po)|? S ull?, (4.16)
Proof We observe that Qi1 div Py_ju = div Py_ju and then, by the triangle inequal-
ity and Lemma 5, we have
[ div(e — Pr—w)|| < [[dive — Qr—1diva| + [| Q-1 div(u — Pr_u)||
S ldival + 27" ulla,.
The proof is completed by first squaring both sides, then multiplying by X and finally
using the inequality (a 4+ b)> < 2(a® + b?) and the fact that A > 1. We have,
M dive — Py |* < Alldival® + 27 e, S lull, .
Combining the L2-estimate (4.12), and the estimates given in Lemma 5, and
Lemma 6, we obtain the following theorem, which verifies (Al).

Theorem 5 The following approximation estimate holds for . 2 1 andforallu € V.

(I — P—Dullro S hillulla, -

4.5 Smoothing property

In this subsection, we verify the smoothing property (A2). We only consider the 3-
dimensional case because the 2-dimensional case is similar and simpler. We denote
by Vi, and & the sets of vertices and edges, respectively, of the partition 7;. For
v € Vi U &, we define

) ={K €Ty :v C K}, Q =UgerpK, @ = interior( ;).
Thus €2 is the subdomain of €2 formed by the patch of elements meeting at v, and 7"
is the restriction of the mesh partition 7} to ;.

We now consider the decomposition of these spaces as sums of spaces supported
in small patches of elements. Define

Vi={reVi:suppr cQ/}, veViU&.

Then

Vi=> Vi=> Vi

i€V ec&y

For each of these decompositions there is a corresponding estimate on the sum of
the squares of the L?-norms of the summands. For example, we can decompose an
arbitrary elementu € Vi asu = 3,y u' withu' € V| so that the estimate
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Dl S (4.17)
i€V

holds with a constant depending only on the shape regularity of the mesh.

Since the kernel basis functions of the operator div are captured by the above
subspaces V!, we must use a block damped Jacobi smoother or a block Gauss—Seidel
smoother where the blocks correspond to one of the above L2-decompositions in order
to preserve the structure of the kernel. For example, we can use a vertex block damped
Jacobi smoother, a vertex block Gauss—Seidel smoother, an edge block damped Jacobi
smoother, or an edge block Gauss—Seidel smoother.

Remark 6 We should point out that the block Gauss—Seidel smoother satisfies the
assumption (AQ). But for the block damped Jacobi smoother, we need to choose
the damping parameter such that the basic assumption (A0) is satisfied. A damped
Richardson smoother / — 7 Ay would need a damping parameter T proportional to
A~!. Thus the components of the error in the kernel of A; would be smoothed out
very slow as X is large. We should also point out that in the 2-dimensional case, we
can only use vertex block smoothers.

In the rest of this subsection, we only consider the vertex block damped Jacobi
smoother since the others are similar, and define the operator Py ; : Vi — V) fori €
Vi by

Ap(Priu, v;) = Ap(u, v;) forall uwe Vi, v eV

We use exact local solves and hence the block damped Jacobi smoother Ry is given
by R, =1 Zievk Pk’iAk_1 = er_l, where t is the damping parameter such that

(A0) is satisfied. In this case, K = K and K ]Em) = K}'. By the assumption (A0),
the estimate
1K ul%, = (D Ak u,w)p, < m~ ullp, (4.18)

~

is well known in multigrid theory (see e.g. Hackbusch [14]).
By additive Schwarz techniques [29,30] the induced norm ||u| p, = (Dyu, u)'/?
can be written as
), = mf P A (4.19)
u=

S ul
kieVy

Remark 7 1f the estimate |[ulp, < k_l llu]lx,0 would be true, the assumption (A2)
would be proved. Unfortunately, the proof of Lemma 11 suggests that it is not true.

On the other hand, choosing 7 sufficiently small it is obvious that || K u| 4, <

|| 4, (the assumption (AO) holds). Then an interpolation between this estimate and
the estimate (4.18) gives

—1/4
1K ulla, S m™ Y4l a0,

~
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where ||u||[p,, 4, is the interpolation norm between || - || p, and | - || 4, with parameter
1/2. Thus, one way to verify assumption (A2), is to show that

Il an S iy el o, (4.20)

and the rest of this section is devoted to this.

4.6 An a priori estimate and a stable decomposition

In this subsection, we first prove an a priori estimate on the L, norm of the solution
of a discrete problem on level k. Then using the a priori estimate, we can prove the
decomposition introduced in [10] is stable.

We consider the finite element spaces on level k introduced earlier: Vi C H (div; 2)
and S; C L%(Q). Letw; € Vi and wy € Vi be givenand letu € Vi, p € Si solve
the discrete problem

ap(m, v) — (divv, p) = ax(wy,v), forall ve Vg,
(divu, g) = (divwy, g), forall g € Sk. 4.21)

We note that the inf-sup condition given in (3.28) implies that

ar(m, v) — (divv, p) — (divu, q)

lallic+ NP1 S sup

(0,9)eVi xSk vl + llgll
ap(wy, v) — (divws, q)
= sup
(0,9)€V xSk vl + llgll
S llwill e + Nl div wa]. (4.22)

Lemma 7 For the solution of (4.21) we have the following estimate:
lull < lwill + Il div wall—;. (4.23)

Proof We consider the following dual problem: Find ¢ € (HJ ()% and 6 € L3(Q)
such that

a(v, ¢) — (dive,0) = (@, v), forall ve (H}(Q)?,
(diveg,q) =0, forall g € Sk. (4.24)

Recall that div ¢ = 0 and hence (div I[T;¢, p) = 0. From Eq. (4.21) we then have

0 = ar(wy, @) — ar(u, i) + (div I, p)
=ar(wy, ) —ar(wi, ¢ — ;@) — ar(u, I ). (4.25)
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Observing that a(¢, v) = ax (¢, v) for all v € Vi, from (4.24) and (4.25) we obtain

@) = ax (¢, %) — (divi, 6)
+ar(wy, ¢) —ap(wy, ¢ — i) — ar(u, ). (4.26)

Combining the first and the last term, using the triangle inequality and the continuity
of ay (-, -) then shows that

@l < |(diva, )| + lax(wi, §)]
+lax(wy, ¢ — Tk P)| + |ax (@, ¢ — T )|
< Idivi, 0)] + lag(wi, )] + (lwi 1k + 17101 — Tedl k.

As we have that divu = div w; for the first term on the right side we get

e ) (div w>, x) .
[(divu, 8)] = [(divws, 0)] < [|0]l1 sup ————— = [ divwa|-1[€]]1.

e Il

For the second term, by the regularity estimate (2.4) we have that ¢ € (H Z(Q))d,
and, thus, ¢ is continuous and [¢] = 0. Now, integrating by parts and combining the
interface terms from neighboring elements shows that

a($, i) = Z/Ke«b):e(wl)dx— > [ {e@) - [w)lds

KeTy e€E "¢
=3 [lewor s+ 3 [ ah 8- twolas
ecE,”¢ ecE "¢
= Z/e(«b):e(wl)dx— > [He@)} - [(wi)ds
KeTy K ecEy ¢
== X [ dive@) - wi < iglalwil.
ket ’ K

Finally, the desired result follows from the interpolation estimates in Lemma 4, the

regularity estimate |||l + 1011 < |lu]|, inequality (4.22) and the inverse inequalities
—1 . 1y a

lwillix < Ay llwill and [ divwa|| S Ay [ div w1

We now define a decomposition of u € V' whichis stable in || - ||x,0 norm and then
show the estimates.
We consider three solutions of problem (4.21) defined as follows:

(u1, p1) is the solution of (4.21) with w; = u, wr = 0. 4.27)
(u2, po) is the solution of (4.21) with w; =0, w, = u — ;_ju. (4.28)
(u3, p3) is defined as the solution of (4.21) with w; = 0, wy = I_ju. (4.29)
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It is straightforward to check that 4 — w1 — uy — u3 and p; + p2 + p3 satisfy the
Eq. (4.21) with w; = 0 and wy = 0 and therefore u; + u> + w3 = u. With these
settings in hand, we have the following stability result.

Lemma 8 For the decomposition given in (4.27)—(4.29) we have

lwillko + lluallko + lluslleo S lullco, (4.30)
leall < 2wl (4.31)
Proof Computing || - ||x,o for the components #; and u; shows that
lleerllk,0 = Nl (4.32)
luzlle,o < llwzll + Ahgll div(e — Tg—ju)|l. (4.33)

The rest of the proof is a direct consequence of the definitions of the compo-
nents (4.27)—(4.28), the definition of the || - ||x, 0 norm, Lemma 7 and Lemma 1. Finally,
the estimate for ||u3||x,0 follows immediately by applying the triangle inequality.

4.7 Smoothing property via interpolation
Define the H (curl; 2)-conforming finite element space on level & (see, e.g., [13])
Wi ={w e H(curl, Q2) : wlg € W(K), K € Ty, w X n|yq = 0},

then the three spaces Vy, Sy and W are related by the exact sequences ([13])

O—)Wkﬂvkgsk—)().

Furthermore, we define
W) ={reW:suppr C 2}, veVU&.
Then

Wi=>Y Wi=> Wi

i€V ey

Note that for any v € Vi, we have that [[v]| 4, < ||v|p, and ||v]|p, < |[v| p, and this
implies that
vl a1 S vl - (4.34)

The next two lemmas bound only the || - || p, -norm, which is sufficient in view of (4.34).

Lemma 9 Let u be defined as in (4.27). Then

larllpe S kil lio- (4.35)
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Proof Since divu; = 0, we have u = curl wy (see [13]), Where w; € Wy.
Noting that wy = >y, wk, where wk € Wl and curl wk € V}(,by identity (4.19)
and inequality (4.17), we have

2 i 12
lurlp, = inf D" i, < D leudwilf, = > llcurl w2,
=3 1 i€V i€Vy i€Vy

-2 2 2
= > w2, Sk D0 i1 S kw1 = kw7 o
ieVy ieVy

The proof of the lemma is complete.

Lemma 10 Let us be defined as in (4.28). Then

lwallp, < hyllallxo- (4.36)

Proof By the identity (4.19) and Lemma 8, we have

2 -2 2 -2 2
luzllp, = [ A I TN 172 ey X 1723 by e 177 P
k k

u u
2= 2 lEVA lEVA

The proof is complete.

Corollary 1 From the inequality (4.34) and the Lemmas 9 and 10, we immediately
have

leer o a S it o,

a2 llipe, a1 S I el o- (4.37)
Lemma 11 Let u3 be defined as in (4.29). Then

lee3llipe, a1 S I el o- (4.38)
Proof By the inf-sup condition (4.22) we have |lusllix + [ p3ll S [1Qk—1dive].
Furthermore, divus = Qk_1divu by definition. These together with the identity

(4.19) give

2 2 : 2
luslia, < (sl + Al divas]|©)
2 2 <=l =20
S NQk—rdivall” + Al Qr—1 dival” S A~ " llully o

On the other hand, we have

2 -2 2 -2
luslip, = inf > b, S D0 ki a bl S b2 aus)?

u u
3= 3 lEVA lEVk

N )\hk ||u3||k0 S Mlk ||u||k0

A standard interpolation argument, see, e.g., [31], concludes the proof.
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We close this subsection by the following theorem which verifies (A2).

Theorem 6 The following estimate holds for allu € Vy.
IRl <m0 o, (4.39)

Proof By Lemma 8, inequalities (4.37) and (4.38), we obtain the smoothing prop-
erty (4.39).

5 Numerical experiments

To test the performance of the multigrid algorithms that we have proposed we present
three sets of numerical tests solving Eq. (2.3).

For simplicity, we take as computational domain = [0, 1] x [0, 1] and dis-
cretize equation (2.1) and (2.3) by H(div, 2)-conforming B DM finite elements
(BDM(K)/Py(K) pair for Stokes equation) on a uniform mesh using the DG method
described in Sect. 3. Our tests are aimed at confirming the theoretical results on the
convergence of the multigrid algrithms for the linear system (3.11). We have tabulated
the results obtained with the multigrid method for meshes with mesh sizes h; = 27/

where J = 2, ..., 6. In addition, we have varied the Lamé parameter A = 1/(1 —2v),
where v is the Poisson ratio and we have taken values of v close to the critical value
of 1/2.

For the multigrid V(1, 1), W(1, 1) and W(2,2) cycles we have used a vertex
block Gauss—Seidel smoother. In order to approximate the error reduction factor of

the multigrid iteration, i.e. the number p = [[Es|lo, := [II —BsA;|ls,, we have set
e; = E e; | with a random initial guess ey and computed the ratio p; := %

for large enough i.

In all tables J denotes the level of the finest discretization and N denotes the
number of degrees of freedom for the displacement component (for B D M| elements,
N is twice the number of edges).

The data in Table 1 verifies the convergence result in Theorem 2 and the data
in Tables 2, 3 verifies the result shown in Theorem 3. We want to emphasize that
although Theorem 3 requires that the number of smoothing steps is sufficiently large,

Table 1 Convergence rate |[Ej| 5 J of the V(1, 1)-cycle method

J N r=5x10¢

=0 =1 =2 =3 0=4 t=5 =6
2 112 0.009 0.026 0.033 0.033 0.033 0.033 0.033
3 416 0.067 0.139 0.166 0.169 0.169 0.169 0.170
4 1600 0.101 0.198 0.237 0.242 0.242 0.242 0.242
5 6272 0.108 0.219 0.262 0.267 0.267 0.267 0.267
6 24832 0.110 0.227 0.270 0.275 0.276 0.276 0.276
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Table 2 Convergence rate |[Ej| 5 ; of the W(1, 1)-cycle method

J N r=5x10¢

£=0 0=1 =2 =3 0=4 £=5 L=6
2 112 0.009 0.026 0.033 0.033 0.033 0.033 0.033
3 416 0.074 0.122 0.142 0.144 0.144 0.144 0.144
4 1600 0.104 0.131 0.150 0.152 0.152 0.152 0.152
5 6272 0.108 0.134 0.153 0.155 0.155 0.155 0.155
6 24832 0.110 0.128 0.141 0.143 0.143 0.143 0.143

Table 3 Convergence rate |[Ej|| 5 ; of the W(2, 2)-cycle method

J N A =5x10¢

£=0 =1 =2 (=3 (=4 (=5 =6
2 112 0.002 0.005 0.008 0.009 0.009 0.009 0.009
3 416 0.037 0.055 0.057 0.057 0.057 0.057 0.057
4 1600 0.064 0.092 0.098 0.099 0.099 0.099 0.099
5 6272 0.070 0.098 0.099 0.100 0.100 0.100 0.100
6 24832 0.071 0.091 0.099 0.101 0.101 0.101 0.101

Table 4 Iteration count of the augmented Uzawa method

J N r=5x10¢
£=0 =1 =2 =3 (=4 £=5
2 112 11 5 3 3 3 2
3 416 11 5 3 2 2 2
4 1600 10 5 3 2 2 2
5 6272 10 5 3 2 2 2
6 24832 10 4 3 2 2 2

the results shown in Table 2 indicate that one smoothing step is sufficient for a uniform
convergence of the W-cycle MG method. Furthermore, the results in Table 3 show
that using two smoothing steps further improves p.

As predicted by the theory, the results presented in Tables 1, 2, 3 show uniform
convergence independent of both A and /.

Finally, to test the augmented Uzawa iteration we have set the right hand side of
the Stokes equation to

f- ( (1 —6x +6x%)(y — 3y +2y%) + (x2 — 2x3 +x*) (=3 + 6y) )

—(1 =6y +6y>)(x —3x2 +2x3) — (y2 = 2y3 + yH (=3 + 6x)
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and used the corresponding exact solution of the sub-problem for the displacement u
[see (3.13)]. The iteration has been initialized with u2 = 0and p2 = 0 and terminated
after a reduction of the error of the velocity in energy norm by a factor of 108, The
results in Table 4 confirm the convergence result for the augmented Uzawa iteration,
which is given in (3.13) (see also [12]).

6 Conclusions

We have presented a multigrid algorithm for discontinuous Galerkin H (div, €2)-
conforming discretizations of the Stokes and linear elasticity equations. A variable
V-cycle and a W-cycle have been designed to solve the linear elasticity problem in
the present situation of nonnested bilinear forms. The convergence rate of the algo-
rithm has been proved to be independent of the Lamé parameters (or, equivalently, the
Poisson ratio) and of the mesh size, which shows that the multigrid method is robust
and optimal. Numerical experiments have been presented that confirm the theoretical
results.
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